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The Elegant Joint Quantum Measurement and some conjectures about N-locality in
the Triangle and other Configurations
Nicolas Gisin
(Dated: August 21, 2017)
In order to study N-locality without inputs in long lines and in configurations with loops, e.g.
the triangle, we introduce a natural joint measurement on two qubits different from the usual Bell
state measurement. The resulting quantum probability p(a1, a2, ..., aN ) has interesting features. In
particular the probability that all results are equal is that large, while respecting full symmetry,
that it seems highly implausible that one could reproduce it with any N-local model, though -
unfortunately - I have not been unable to prove it.
I. INTRODUCTION
3-locality in the triangle configuration [1] has by now
been studied by a rather large group of scientists over
several years, see Fig. 1. It is fair to admit that not much
has been found. Actually, the only quantum example is
due to Tobbias Fritz [2]. However, this nice example is
essentially the well known CHSH Bell inequality folded
into a triangle: the usual suspects Alice and Bob form
the base of the triangle and the inputs are provided by
a referee located at the top (3rd vertex - Charlie) of the
triangle.
The main goal of most research on the triangle is to find
a quantum example without inputs, i.e. an example with
three 2-partite quantum states and one quantum mea-
surement per party, that is provably not 3-local. Recall
that the set of 3-local probabilities p(a, b, c) is not con-
vex, hence the usual numerical tools based on geometric
polytopes don’t work: the analog of Bell inequalities for
3-locality are non-linear [1]. Most research concentrated
on the case of binary outcomes. A first pretty trivial con-
jecture, motivated by the lack of success, is that such an
example doesn’t exist.
Considering 3 independent singlets shared pairwise be-
tween A, B and C it is natural to expect that quantum
examples use joint measurement on 2 qubits with 4 out-
comes each. The first idea uses the well known Bell State
Measurements (BSM). However, it is not difficult to show
that the corresponding joint correlation p(a, b, c) has a 3-
local model (in this note we use the two terms probability
and correlation for p(a, b, c)). Hence, one should look for
other joint measurements. The fact is that there are not
many ”elegant” joint measurements on 2 qubits, what-
ever ”elegant” means. For example, if the eigenstates
of the joint measurement are all maximally entangled,
then the BSM is unique. Hence, let’s consider joint mea-
surements for which all eigenstates have the same degree
of partial entanglement. Moreover, we like the partial
states of these eigenstates to point to the tetrahedron on
the Poincare´ (or Bloch) sphere, i.e. to display maximal
symmetry.
In the next section we show that the above mentioned
constrains define a unique Elegant Joint Measurement
(EJM). Then, in section 3 we compute the corresponding
correlation and studied some of its elementary property.
FIG. 1: The triangle configuration for 3 parties. Each pair
of parties shares either a quantum state and performs quan-
tum measurements - quantum scenario, or shares independent
random variables α, β and γ and outputs a function of the
random variables to which they have access. Notice that the
three random variables are only used locally, hence the ter-
minology 3-local scenario. The “Quantum Grail” is to find a
quantum scenario leading to a probability p(a, b, c) which can’t
be reproduced by any 3-local scenario.
From these we conjecture, in section 4, that this corre-
lation is not 3-local, though - unfortunately - without
proof. Next we present the use of our EJM for n-locality
in a line and N-vertex polygons.
II. THE ELEGANT JOINT MEASUREMENT
ON 2 QUBITS
Denote the 4 vertices of the tetrahedron as follows:
~m1 = (1, 1, 1)/
√
3 (1)
~m2 = (1,−1,−1)/
√
3 (2)
~m3 = (−1, 1,−1)/
√
3 (3)
~m4 = (−1,−1, 1)/
√
3 (4)
2Using cylindrical coordinates, ~mj =
(
√
1− η2j cosφj ,
√
1− η2j sinφj , ηj), one obtains the
natural correspondence with qubit states:
|~mj〉 =
√
1− ηj
2
eiφj/2|0〉+
√
1 + ηj
2
e−iφj/2|1〉 (5)
Note that ~mj = 〈~mj |~σ|~mj〉, as expected (with ~σ the 3
Pauli matrices).
Massar and Popescu [3] introduced joint measurements
inspired by parallel spins appropriately superposed with
the singlet, ψ− = |01− 10〉/√2:
Ψ1 =
√
3
2
|~m1, ~m1〉+ 1
2
ψ− (6)
Ψ2 =
√
3
2
|~m2, ~m2〉 − 1
2
ψ− (7)
Ψ3 =
√
3
2
|~m3, ~m3〉 − 1
2
ψ− (8)
Ψ4 =
√
3
2
|~m4, ~m4〉+ 1
2
ψ− (9)
(10)
Note that the probability amplitudes and phases are
imposed by the requirement that the Ψj ’s should be
normalized and mutually orthogonal. Importantly, the
asymmetric phases are unavoidable. Furthermore, al-
though the 4 Ψj ’s have the same degree of entangle-
ment, the following ugly happens: the Bloch vectors of
the partial states on Alice and on Bob sides are dis-
torted and squashed towards the equator: the 4 vectors
〈Ψj |~σ⊗1 |Ψj〉 point into different directions than the vec-
tors (1-4).
Consequently, and inspired by [4], consider the follow-
ing 2-qubit basis constructed on anti-parallel spins:
Φj =
√
3
2
|~mj ,−~mj〉+ i
√
3− 1
2
ψ− (11)
where | − ~m〉 is orthogonal to |~m〉, it has the same form
as (5) but with η → −η and φ→ φ+ π.
In order to check that the Φj are normalised and mu-
tually orthogonal one should use 〈~m,−~m|ψ−〉 = i/√2 for
all ~m and 〈~mj ,−~mj |~mk,−~mk〉 = 1/3 for all j 6= k.
Finally, for all j one has 〈Φj |~σ ⊗ 1 |Φj〉 = 12 ~mj and
〈Φj |1 ⊗ ~σ|Φj〉 = − 12 ~mj , hence |〈Φj |~σ ⊗ 1 |Φj〉| =
√
3
2 .
We name the 2-qubit measurement with eigenstates
(11) the Elegant Joint Measurement (EJM). We believe
it is unique with all 4 eigenstates having identical degrees
of partial entanglement and with all partial states of all
eigenstates parallel or anti-parallel to the vertices of the
tetrahedron.
III. QUANTUM CORRELATION FROM
SINGLETS AND THE EJM IN THE TRIANGLE
CONFIGURATION
Consider 3 independent singlets in the triangle con-
figuration and assume that Alice, Bob and Charlie each
perform the EJM on their 2 (independent) qubits, see
Fig. 1. Denote the resulting correlation ptr(a, b, c),
where a, b, c = 1, 2, 3, 4. By symmetry p(a, b, c) is fully
characterized by 3 numbers corresponding to the cases
a = b = c, a = b 6= c and a 6= b 6= c 6= a. A not too
complex computation gives:
ptr(a = k, b = k, c = k) =
25
256
for k = 1, 2, 3, 4 (12)
ptr(a = k, b = k, c = m) =
1
256
for k 6= m (13)
ptr(a = k, b = n, c = m) =
5
256
for k 6= n 6= m 6= k
(14)
The normalization holds: 4 · 25256 +36 · 1256 +24 · 5256 = 1.
As expected ptr(a) = ptr(b) = ptr(c) =
1
4 . More inter-
esting is the probabilities that two parties get identical
results:
ptr(a = k, b = k) =
= ptr(a = b = c = k) + ptr(a = b = k, c 6= k)
=
25 + 3 · 1
256
=
7
64
(15)
Hence, all pairs of parties are correlated, e.g. ptr(a|b) 6=
1
4 . In worlds, given an outcome b = k for Bob, Al-
ice’s outcome has a large chance to take the same value:
ptr(a = k|b = k) = ptr(a=k,b=k)ptr(b=k) = 716 . Accordingly:
ptr(a = b) =
∑
k
ptr(b = k)p(a = k|b = k) = 7
16
(16)
The strength of the 3-party correlation is even more
impressive:
ptr(a = k|b = c = k) = ptr(a = b = c = k)
ptr(b = c = k)
=
25
28
(17)
Hence ptr(a = b = c) =
4·25
256 =
25
64 .
IV. IS ptr(a, b, c) 3-LOCAL?
In this section we consider the question whether the
quantum probability ptr(a, b, c) is 3-local, i.e. whether it
can be reproduced by a 3-local model. In such a 3-local
model of ptr(a, b, c) the Alice-Bob correlation could only
be due to their shared randomness γ. Similarly, the cor-
relation between Bob and Charlie is necessarily due to
α and the Alice-Charlie correlation due to β. Accord-
ingly, each local variable α, β and γ contains a 4-dit,
3equally distributed among the values 1,2,3,4, and with
a relatively high probability both Alice and Bob output
the 4-dit contained in γ, and similarly for the other pairs
of parties. Admittedly, this is only an argument, not a
proof.
Accordingly, let’s consider the following natural type
of 3-local models. Let γ = (γ1, γ2), where γ1 = 1, 2, 3, 4
with equal probability and γ2 = 0, 1 with prob(γ2 = 1) =
q. The idea is that whenever γ2 = 1, then Alice and Bob
results are given by γ1, hence Alice and Bob get perfectly
correlated. More explicitly, Alice’s output function reads:
a(β, γ) =


γ1 if β2 = 0 and γ2 = 1
β1 if β2 = 1 and γ2 = 0
β1|γ1 if β2 = γ2
(18)
where β1|γ1 indicates that a(β, γ) equals β1 or γ1 with
equal probability 12 .
Table I indicates all possible outputs (where q¯ ≡ (1 −
q) = prob(α2 = 0) = prob(β2 = 0) = prob(γ2 = 0)).
α2 β2 γ2 a b c P prob(a=b) prob(a=b=c)
0 0 0 β1|γ1 α1|γ1 α1|β1 q¯
3 7/16 13/64
0 0 1 γ1 γ1 α1|β1 q¯
2q 1 1/4
0 1 0 β1 α1|γ1 β1 q¯
2q 1/4 1/4
0 1 1 β1|γ1 γ1 β1 q¯q
2 5/8 1/4
1 0 0 β1|γ1 α1 α1 q¯
2q 1/4 1/4
1 0 1 γ1 α1|γ1 α1 q¯q
2 5/8 1/4
1 1 0 β1 α1 α1|β1 q¯q
2 1/4 1/4
1 1 1 β1|γ1 α1|γ1 α1|β1 q
3 7/16 13/64
TABLE I: The 8 lines correspond to the 8 possible combina-
tions of values of α2, β2 and γ2 (first 3 columns). The next
3 columns indicate Alice, Bob and Charlie’s outputs. The 7th
column indicates the probability of the corresponding line and
the last two columns the probability that a = b and a = b = c,
respectively.
Averaging the probabilities that a = b = c over the 8
combinations of values of α2, β2 and γ2, i.e. over the 8
lines of Table 1, gives:
p3loc(a = b = c) =
13
64
(q¯3 + q3) +
3
4
(q¯2q + q¯q2)
=
13 + 9q − 9q2
64
(19)
Hence, the maximal 3-partite correlation of our 3-local
model is achieved for q = 12 and reads:
max
q
p3loc(a = b = c) =
61
256
(20)
This is much smaller than the value obtained in the quan-
tum case with the Elegant Joint Measurement.
The above is not a proof, but leads us to conjecture
that the quantum probability ptr(a, b, c) is not 3-local.
Indeed, γ has to correlated A an B, i.e. contribute to
the probability that a = b, and β contribute to ptr(a =
c) and γ contribute to ptr(a = b). But then the three
independent variables α, β and γ can’t do the job for the
3-partite correlation a = b = c.
Note that if the outcomes are groups 2 by 2, such that
outcomes are binary, then a 3-local model similar to (18)
can reproduce the quantum correlation. But, again, with
4 outcomes per party this seems impossible.
A. A natural but asymmetric 3-local model
There is another 3-local model that we need to con-
sider, directly inspired by the quantum singlet states
shared by each pair of parties. Assumes that the three
local variables α, β and γ each take values (0,1) and
(1,0) with 50% probabilities, where α send its first bit to
Bob and second bit to Charlie, and similarly for β and
γ. Clearly, this 3-local model assumes binary local vari-
ables, i.e. bits, but we like to keep the notation (0,1) and
(1,0) for the two values.
The outcomes are then determined by the two bits that
each party receives from the local variables it shares with
his two neighbors. We like to maximize the probability
p(a = b = c). All output functions that maximize p(a =
b = c) are equivalent. On possible choice is:
(0, 0)⇒ a = 2, b = 4, c = 3 (21)
(0, 1)⇒ a = 1, b = 1, c = 1 (22)
(1, 0)⇒ a = 3, b = 2, c = 4 (23)
(1, 1)⇒ a = 4, b = 3, c = 2 (24)
Note that in this 3-local model γ imposes that both Alice
and Bob can only output one out of two values. Which of
the two values happen depens on the second local vari-
ables. This provides intuition why this 3-local model
achieves p(a = b = c) = 12 , i.e. an even larger value
than the quantum probabilities with the EJM. More-
over p(a = b) = 12 , hence p(a = b = c|b = c) = 1.
However, this model does not respect the symmetries of
the quantum scenario. In particular 20 out of 24 cases
p(a = k, b = n, c = m) with k 6= n 6= m 6= k take values 0
(recall that in the quantum scenario all 24 probabilities
take value 5256 , see eq. (14)).
This simple 3-local model shows that in order to prove
the non-3-locality of ptr(a, b, c) it is not sufficient to con-
sider p(a = b = c), but one has to consider also the cases
a 6= b 6= c.
V. THE EJM IN A LINE AND ARBITRARY
POLYGON
Consider a polygon with N vertices, i.e. N parties and
N independent singlets shared by each pair of parties
connected by an edge, see Fig. 2. Assume all parties
perform the EJM. It is not too difficult to compute the
probability that n < N neighbors get the same result,
pline(a1 = a2 = ... = an). The subscript “line” indicates
4FIG. 2: The N-vertex polygon configuration for N parties.
The λj’s may represent quantum states - quantum scenario -
or independent random variables - N-local scenario.
FIG. 3: The N-vertex configuration for N parties on a line.
Note the λ0 and λN on the far left and right ends, correspond-
ing to an “open line”.
that this probability is the same as in the case of n parties
in a line, connected by n− 1 singlets, with 2 open-ended
singlets at each end, see Fig. 3. It is also not too difficult
to find the probability that all N parties in the polygon
configuration get the same result, ppolygon(a1 = a2 =
... = aN ).
For these computation best is to start with the follow-
ing state constructed not with the vectors (1-4), but with
the vectors ±~ez:
Φ =
√
3
2
|0, 1〉 −
√
3− 1
2
ψ− (25)
=
√
3 + 1
2
√
2
|0, 1〉+
√
3− 1
2
√
2
|1, 0〉 (26)
where we used |0〉⊥ = −i|1〉 and we dropped an irrelevant
global phase. We get:
pline(a1 = a2 = ... = an) =
(
√
3 + 1)2n + (
√
3− 1)2n
24n−1
(27)
ppolygon(a1 = a2 = ... = aN ) =
(
(−√3− 1)N + (√3− 1)N)2
42N−1
(28)
Table II provides these probabilities for N up to ten.
Let us first consider the line with N parties, more pre-
cisely the open line since parties A1 and AN get half
singlets and output thus random 4-dits a1 and aN , re-
spectively, see Fig. 4 (top). These two random 4-dits
can equally be considered as inputs for parties A2 and
AN−1, see Fig. 4 (bottom). For N=4 we thus recover
a standard 2-partite Bell scenario which, unfortunately,
has local correlation (assuming all parties perform the
EJM and that my linprog software is correct). For N=5
N line polygon p(a1 = ... = aN |pa1 = ...aN−1)
1 1
2 7/16 1 1
3 13/64 25/64 25/28
4 97·2−10 49/256 49/52
5 181 · 2−12 361 · 2−12 361/388
6 1351 · 2−16 169 · 2−12 169/181
7 2521 · 2−18 5′041 · 2−18 5041/5404
8 18′817 · 2−22 9′409 · 2−20 9409/10084
9 35′113 · 2−24 70′225 · 2−24 70225/75268
10 262′087 · 2−28 32′761 · 2−24 32761/35113
TABLE II: Probabilities that all N results are equal for the
(open) line and polygon configurations. The last column shows
the probability that the Nth result equals all previous results,
conditioned that the first N-1 results are all equal (polygon
configuration).
FIG. 4: Relation between the open line with N = 4 parties
in the open line configuration (top) and standard Bell locality
(bottom).
we recover standard bilocality [5] and for general N, we
recover (N−2)-locality where only the first and last par-
ties get inputs.
Let’s now consider a polygon with N parties. The fact
that the probability that all N outcomes are equal given
that N-1 are equal is very large it tends asymptotically
to:
ppolygon(a1 = a2 = ... = aN |a1 = a2 = ... = aN−1)
N=∞−→ 1
8− 4√3 ≈ 93.3% (29)
Hence, I conjecture that ppolygon(a1, a2, ..., aN ) is not N-
local for all N ≥ 3.
VI. CONCLUSION
N-locality in a loop (polygon) is a hard problem. But
it is a fascinating one! Looking for a quantum example
it is temping to consider that all neighbors share singlets
and perform joint quantum measurements on their two
5qubits with 4 possible outcomes. Since the usual Bell
state measurement doesn’t lead to non-N-locality, it is
natural to look for other joint measurements. Assum-
ing all four eigenstates have the same degree of partial
entanglement and all partial states display the natural
tetrahedron symmetry, there seem to be only one such
Elegant Joint Measurement. Consequently, we study
quantum scenarios in polygons with N parties that all
perform the EJM, in particular with N=3, i.e. the in-
famous triangle, and find that the quantum probability
ppolygon(a1, ..., aN ) displays strong correlations between
any sets of n neighbors. The probability that all N out-
come are equal, see eq (28), is that large that it seems
impossible to obtain in any symmetric N-local model.
Hence we conjecture that ppolygon(a1, ..., aN ) is non-N-
local for all N ≥ 3. We give some arguments in favour of
our conjecture, though without proof.
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